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Abstract5

Finite p-groups of nilpotency class 2 already account for the leading term in the enumeration of all6

finite p-groups, while their classification contains tensor isomorphism and graph interpretation. We7

isolate a tractable part of this class by bounding the rank-width of the commutation tensor. Over8

R = Z/pd, the width of a cut is the number of generators required by six crossing modules. For9

fixed p, d, r, central extensions with distinguished kernel over R and a site-tree layout of width at10

most r form a uniformly tree-automatic class; chain layouts give a uniformly word-automatic class.11

Finite local certificates make the advice language exact.12

Two phenomena absent over fields drive the proof: sibling interactions need not be bilinear13

in chosen interface representatives, and distributed central targets create obligations flowing into14

a subtree. Finite pairing tables and bounded claim modules handle these effects. From certified15

advice, every fixed first-order query is decidable in linear time, and a sentence in time O(log |G|);16

the uniform theories are decidable. The class is closed under direct products and contains several17

familiar structured families. Yet, for fixed parameters, it represents only 2O(m) isomorphism types18

of order pm, and is therefore asymptotically negligible among class-2 p-groups.19

2012 ACM Subject Classification Theory of computation → Finite Model Theory; Theory of20

computation → Regular languages; Computing methodologies → Symbolic and algebraic algorithms21

Keywords and phrases automatic structures, advice automata, finite p-groups, rank-width, chain22

rings, group isomorphism, first-order model checking23

Supplementary Material Software (Source Code): https://github.com/fariedabuzaid/AutStr24

1 Introduction25

Two research programmes meet in this paper.26

Algorithmic group theory. Among finite p-groups, nilpotent groups of class 2 already27

account for the leading term in the enumeration problem. The Higman–Sims bounds show28

that the number of groups of order pm is p
2

27 m3+O(m8/3), and class-2 groups already attain29

the lower bound; for odd p they may be chosen to have exponent p [13, 24, 23]. In this30

odd-prime, exponent-p setting, the Baer correspondence [1] encodes the group, up to the31

standard bookkeeping for central direct factors, by an alternating bilinear commutator map32

B : Fn
p × Fn

p → Fk
p. The resulting classification problem is pseudo-isometry of alternating33

maps, equivalently isometry of alternating matrix spaces, and is complete for the tensor-34

isomorphism class [10]. Polynomial-time algorithms are known for important restricted cases,35

including groups of genus two [4] and groups whose commutator subgroup is sufficiently36

small [16]. Model theory gives a complementary measure of generality: for every odd prime37

p, Mekler constructs class-2, exponent-p groups in which suitable graphs are interpretable,38

transferring stability questions from graphs to groups [19]. Characteristic 2 has a different39

boundary: exponent-2 groups are abelian, and general class-2 2-groups require additional40

power-map or quadratic data. The explicit triangular cocycle presentations studied here41

form a specified subclass, but they and our automaticity theorem are valid for p = 2 as well.42
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Algorithmic model theory. Automatic structures [18, 3, 2, 9] present a structure by finite43

automata: elements are words, and each relation is recognised by a synchronous multi-44

tape automaton. Automaticity yields decidable first-order theories and linear-time query45

evaluation. For a class of finite structures the right notion is uniform automaticity with46

advice [27, 25]: one tuple of automata presents every member of the class, and an additional47

advice string, read synchronously with the element encodings, selects the member. Uniformly48

automatic classes admit algorithmic meta-theorems in the style of Courcelle’s theorem [6, 8]:49

every first-order property can be compiled, once and for all, into an automaton that runs in50

linear time on each member’s advice. Known uniformly automatic classes include all finite51

abelian groups, all finite Boolean algebras, and the graphs of bounded tree-depth [25]. On52

the group-theoretic side, automatic presentations remain close to commutativity: finitely53

generated word-automatic groups are virtually abelian [22], and arbitrary word-automatic54

groups are locally virtually abelian [21]. The recent positive result of Nies and Stephan,55

for odd p, concerns a single infinite structure—the infinite extraspecial p-group Ep is word-56

automatic—while the relatively free class-2 exponent-p group on infinitely many generators57

is not [20]. These are presentations of individual infinite groups; our concern is instead one58

regular advice language that presents an exact class of finite groups.59

From one group to a class, and from a matching to a tree. The positive Nies–Stephan60

result already points toward a family. For odd p, Ep is the direct limit of the finite extraspecial61

groups of order p1+2m. Advice turns this limit into a family: a single automaton with two62

Fp-registers, reading one advice letter per generator, multiplies in every finite extraspecial63

group at once (Proposition 3). The short streaming argument uses one register to buffer the64

digit just read and another to carry a running deficit. It prompts the question this paper65

answers: what do the registers measure?66

A first hint that the answer is not “the number of active generators” comes from growing67

the center. Place one central generator at every leaf of a bushy binary shape tree, a generator68

pair at every inner node, and let each pair’s commutator hit exactly the central generators69

below it. The center of this tree-indexed group grows linearly along such a family. Its70

commutation data is laminar rather than a matching, yet a single Fp-register still suffices for71

a bottom-up automaton, provided sibling subtrees are forced to agree on the deficit they owe72

to the leaves beneath them (Proposition 4).73

The answer, and the subject of this paper, is that in both warm-ups the commutation74

data crossing any cut of the layout has rank one. The registers never store digits; they75

store the image of the digits read so far under a rank factorisation of the crossing block at76

the current cut. What a streaming evaluator of the group law must carry across a cut is77

exactly this block, and if it factors through rank r, then r residues suffice, whatever the78

number of active generators. Bounding the cut-rank over the cuts of a linear or tree layout79

is bounding the rank-width of the commutation form—the same step that graph theory takes80

from treewidth to rank-width and clique-width [15, 7], taken here inside group theory.81

Main result. We prove one general theorem and specialise it. Fix a prime p, a depth d ≥ 182

and a width r. A site tree is a binary tree whose nodes are generators (x-sites) or central83

generators (z-sites); a cocycle tensor over the chain ring R = Z/pd assigns to each generator84

pair and each central target a coefficient in R, presenting a class-2 central extension with85

a distinguished central kernel RZ . This kernel has exponent pd when Z ̸= ∅, but it need86

not be the full center. For every subtree cut, the tensor entries crossing the cut sort into87

six flattenings— upward digit functionals on each side, resolved pair-sums, inward claims,88
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and two mixed kinds—and the width of the layout is the maximal module rank of these89

flattenings: the minimal number of generators of the spanned module, which over a field is90

the ordinary rank.91

Our master theorem (Theorem 19) states that for fixed p, d, r the pairs (site tree, tensor92

of width ≤ r) form a uniformly tree-automatic class, with a multiplication automaton of93

pO(rd) states whose state is the cut interface. Chain-shaped layouts yield word-automatic94

presentations (Corollary 21). Placing the central generators on a chain above the layout95

gives fixed-central-kernel specialisations; we first prove their linear case as a fully worked96

model (Theorem 8). The node letters certify the finite module types and maps carried by97

these interfaces, and a finite tree automaton checks their local coherence. Thus the advice98

describes exactly the width-bounded tensors (Lemma 18).99

Two algebraic obstacles separate the master theorem from its fixed-central-kernel analogue100

over a field. Their resolutions form the technical heart of the paper. First, the ring: over a101

field, the interface carried across a cut can be normalised to a basis, and the bilinear pairing102

of two sibling interfaces at a merge is again a matrix over the field. Over Z/pd both steps103

fail, already at width one and depth two (Example 5). Normalised interfaces (bases of pure104

closures) are non-unique and need not restrict compatibly from one cut to the next. The105

natural interface—a generating set of the crossing row module—may carry valuation, in106

which case the merge value need not be bilinear in the two interface values. Over Z/4, for107

example, the pairing 2ab of w = 2a and v = 2b is the well-defined function 2 · (w/2)(v/2),108

but no q satisfies 2ab = q wv. The construction therefore carries row-module generators,109

whose restriction calculus is exact over any ring (Lemma 14), and lets merge letters carry110

bounded pairing tables rather than matrices (Lemma 15). Second, the distributed central111

kernel: commutator targets inside a subtree can be owed contributions by pairs resolved112

outside it, an inward flow that no bottom-up pass receives. The automaton meets it with a113

deterministic claim-and-verify protocol: the residuals of the central checks inside a subtree114

must lie in a bounded claim module, the automaton carries them as an element of that115

module, and determinism comes from a unique-extension property (Lemma 16)—over a field116

this is the familiar “commit to coordinates in a full-column-rank basis”, but over the ring117

coordinates need not exist and the module formulation is the correct one. At d = 1 the claim118

protocol remains necessary, but coordinates suffice and the obstruction to matrix merges119

disappears. Both module-theoretic refinements are already forced over Z/4.120

Contributions.121

The master theorem (Theorem 19): for all fixed p, d, r, the class-2 central extensions122

with distinguished kernel over Z/pd and a site-tree layout of module width ≤ r are123

uniformly tree-automatic; chain layouts give word-automaticity (Corollary 21). The124

fixed-kernel specialisations recover the exact word class of bounded linear rank-width over125

R; every bounded tree-cut-rank presentation has advice in the master class (Theorem 8,126

Corollary 22).127

The ring calculus of interfaces: module cut-rank as the correct width; the exact restriction128

calculus of row-module interfaces (Lemma 14); the failure of matrix merges over Z/pd
129

and their replacement by bounded pairing tables (Lemma 15); and claim modules with130

unique-extension determinism for distributed central targets (Lemma 16).131

Exact advice: finite algebraic types certify the six modules and their transition maps132

locally. Their regular language contains every width-≤ r tensor and only such tensors133

(Lemma 18).134

The wealth of the class (Section 6): closure under direct products (width is the maximum,135
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not the sum, over blocks); low-width presentations of extraspecial groups, Heisenberg136

groups, tree-indexed laminar and point-target families, shared-target graph groups of137

bounded graph rank-width, and commutation graphs of bounded pathwidth, treewidth138

or vertex cover, all within one decidable family with modular advice. On the wide side,139

generic forms, ultraspecial groups and robust-complement Mekler families have width140

Ω(n); the relatively free group supplies a separate non-automatic boundary example.141

Meta-theorems (Section 7): compiled first-order model checking in time O(log |G|) per142

member, and decidability of the uniform theory of each exact regular presentation,143

including extensions by fixed modulo-counting quantifiers.144

Implementation and validation (Section 8): the fixed-kernel constructions and the general145

protocol over the ring are implemented in the open-source AutStr library [26]. Compiler146

assertions check the required factorisations on each generated instance, and retained147

regression tests compare the transition evaluators with the reference group law.148

Scope of the parameter. The width bound imposes genuine structural restrictions. At149

k = d = 1 and odd p the symplectic normal form collapses the fixed-kernel class, up to150

isomorphism, to central products of Heisenberg groups with abelian factors; bounded vertex151

cover collapses to a bounded core times an elementary abelian factor (Proposition 27).152

The isomorphism-theoretic content therefore begins at k ≥ 2, where normal forms are153

unavailable, and already at width one for distributed central targets. The laminar and154

point-target classes of the master theorem contain bushy families with commutator subgroups155

of rank Θ(n). Conversely, a generic scalar presentation has cut-rank Ω(n) under every layout156

(Proposition 28); this is a statement about the sampled coordinates, not the isomorphism157

type of the presented group. More intrinsically, only 2O(m) isomorphism types of order158

pm occur for fixed p, d, r (Proposition 25). Thus the class is a structured, asymptotically159

negligible slice of the wild stratum.160

Organisation. Section 2 fixes notation and develops the chain-ring algebra we need (valua-161

tion, minimal generating sets, module cut-rank). Section 3 proves the two warm-ups and162

isolates, informally, exactly what must generalise. Section 4 proves the fixed-kernel linear163

theorem over R as a fully worked simple case. Section 5 defines site trees, tensors and the six164

flattenings, states the master theorem, and proves it; the string corollary and the fixed-kernel165

corollaries close the section. Section 6 maps the class: corners, closure properties, classical166

width measures, collapses, generic wideness, and the dividing line. Section 7 records the167

meta-theorems, Section 8 the implementation, validation scope and feasibility discussion,168

and Section 9 the open problems.169

2 Preliminaries170

Words, trees, convolution. Σ denotes a finite alphabet and □ /∈ Σ a padding symbol. The171

convolution w1 ⊗ . . .⊗wm of words is the word over (Σ∪ {□})m obtained by aligning the wi172

position-wise and padding the shorter ones. A tree is a finite, binary, rooted, labelled tree; the173

convolution of trees overlays them and pads missing positions. A (bottom-up deterministic)174

tree automaton processes a tree from the leaves to the root; a run assigns a state to every175

node as a function of the node’s label and the states of its children.176

Uniformly automatic classes. We follow [27]. A uniformly automatic presentation of a177

class C of τ -structures consists of a regular advice set A ⊆ Σ∗ (or a regular set of advice178
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trees) and automata U, (AR)R∈τ such that for every α ∈ A the structure179

Sα =
(
{u : U accepts α⊗ u},

(
{ū : AR accepts α⊗ ū}

)
R∈τ

)
180

is well-defined, and C = {Sα : α ∈ A} up to isomorphism. The same structure may be181

presented by several advices. The fundamental theorem of automatic structures relativises:182

for every first-order formula φ(x̄) there is an automaton recognising {α⊗ ū : Sα |= φ(ū)},183

effectively [27]. We present groups in the signature {M, eq} with M the graph of multiplica-184

tion.185

The chain ring and module rank. Throughout, R = Z/pd for a prime p and a fixed depth186

d ≥ 1; at d = 1, R = Fp. R is a finite chain ring: a local principal ideal ring whose ideals187

form the chain R ⊋ pR ⊋ · · · ⊋ pdR = 0. Every element is u ps with u a unit and 0 ≤ s ≤ d188

its valuation v(·); the units are exactly the valuation-0 elements. We write rowsp(V ) for189

the row module of a matrix V over R (the R-span of its rows) and colsp(V ) for its column190

module. For matrices V, W with equally many columns, W = TV is solvable for a matrix T191

iff every row of W lies in rowsp(V ); we use this silently throughout.192

▶ Lemma 1 (module rank). Every submodule M ⊆ Rm has a generating set pe1u1, . . . , pesus,193

where u1, . . . , us extend to a basis of Rm, 0 ≤ ei < d, and194

s = rkR(M) := dimFp

(
M/pM

)
.195

No generating set of M has fewer than rkR(M) elements. Moreover:196

1. if N ⊆M , then rkR(N) ≤ rkR(M);197

2. if M ↠ Q, then rkR(Q) ≤ rkR(M);198

3. the row and column modules of a matrix over R have the same module rank.199

Proof. Smith normal form over the principal ideal ring R: M = rowsp
(
diag(pe1 , . . . ) U

)
for200

a unimodular U , with the rows whose exponent satisfies ei ≥ d vanishing and dropped; the201

surviving rows of U are the ui. Their number is dimFp
M/pM , and Nakayama’s lemma gives202

the lower bound for arbitrary generating sets. The invariant-factor decomposition identifies a203

finite R-module of module rank s with a direct sum of s nonzero cyclic modules. Submodules204

and quotients have at most s cyclic factors, proving (1) and (2). Applying Smith normal205

form to a matrix shows that its nonzero invariant factors count both the minimal number of206

row generators and the minimal number of column generators, proving (3). ◀207

We call rkR(M) the module rank of M . At d = 1 it is the dimension of a subspace; the208

point of the definition for d > 1 is that a valuation-carrying generator still contributes a209

full unit of rank: over Z/4 the module generated by (2, 0) has module rank 1, although its210

reduction mod 2 is zero. Section 3 shows that this is exactly the right accounting for a211

streaming evaluator.212

Forms and groups over R. Fix k ≥ 1. A form of dimension n over R is a family213

B = (Bji)1≤i<j≤n with Bji ∈ Rk; we write B̂{i,j} := Bji for the unoriented label and treat214

absent labels as 0. Define the R-bilinear map C : Rn ×Rn → Rk by215

C(a, a′) =
∑

1≤i<j≤n

Bji aj a′
i. (1)216
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▶ Lemma 2 (normal forms). The set Rk ×Rn with the operation217

(b, a) · (b′, a′) =
(
b + b′ + C(a, a′), a + a′)

218

is a group G(B) of order pd(n+k) and nilpotency class ≤ 2; the elements (el, 0) are cen-219

tral, [ (0, ej), (0, ei) ] = (B̂{i,j}, 0) for i < j, and every element has a unique normal form220

xa1
1 · · ·xan

n yb1
1 · · · y

bk

k over the generators xi = (0, ei), yl = (el, 0).221

Proof. Bilinearity of C gives the cocycle identity222

C(a, a′) + C(a + a′, a′′) = C(a′, a′′) + C(a, a′ + a′′),223

hence associativity; the inverse of (b, a) is (−b + C(a, a),−a). Since Bii is not among the224

labels, C(ei, ei) = 0, so xi has order pd exactly (also for p = 2); commutators are central, so225

the class is at most 2. The normal form is immediate from the displayed law. ◀226

Write K := Rk × {0}. This is the distinguished central kernel, or target subgroup, of the227

presentation; it has exponent pd when k > 0, but need not be the full center, since vectors228

in the radical of the commutator map also give central elements. Both coordinates range229

over R, and this is forced if commutators are to have order up to pd: in a group of class230

≤ 2, [x, y]p = [xp, y], so if every generator had order p the commutator subgroup would have231

exponent p as well. For odd p and d = 1, G(B) has exponent p; for p = 2 the full center may232

contain elements of higher order even at d = 1: with n = 3, k = 1 and all three labels 1, the233

element z = x1x2x3 is central with z2 = y, and G(B) is the 1-qubit Pauli group. Thus the234

exponent-pd assertion throughout concerns K, not necessarily Z(G(B)). For odd p and d = 1,235

the Baer correspondence [1] identifies the isoclinism data of G(B) with the pseudo-isometry236

class of the induced commutator map on the quotient by its radical and with target its image;237

after choosing target coordinates, this is the associated alternating-matrix-space problem [12].238

The width parameters introduced next belong to the chosen coordinate presentation and239

layout; we do not claim that they are group-isomorphism or isoclinism invariants.240

Cut-rank and layouts. For S ⊆ [n] the crossing block of B at S is the matrix241

MS ∈ R

(
([n]\S)×[k]

)
×S , (MS)(j,l), i =

(
B̂{i,j}

)
l
,242

and the module cut-rank of S is ρB(S) := rkR

(
rowsp(MS)

)
. A linear layout of B is an243

ordering of [n]; renaming generators, we always take it to be the natural order, and define its244

width as max1≤t<n ρB([t]). A tree layout is a binary rooted tree together with an injection245

of [n] into its nodes. Generator-carrying nodes are enumerated in post-order; the remaining246

nodes are structural and carry a forced zero digit. We require the layout to be reduced: every247

structural node has two children, and each child subtree contains a generator. Thus there are248

fewer than n structural nodes, and every subtree hosts an interval of the generator post-order.249

The width is maxv ρB(Sv) over the subtree generator sets Sv. We write lcr(B) and tcr(B)250

for the minimal width over all linear (tree) layouts; since a chain is a tree, tcr ≤ lcr. At251

d = 1 and k = 1 with 0/1 labels, MS is the bipartite adjacency matrix between S and its252

complement in the commutation graph. Layouts in which every generator is a leaf coincide253

with Fp rank-decompositions; allowing generators at internal nodes can save at most one by254

Proposition 23. For fixed p, d, k, r let Clin
p,k,r,d denote the class of pairs (form over R, linear255

layout of width ≤ r), each presenting G(B), and Ctree
p,k,r,d the tree analogue.256
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3 Warm-ups: two guiding automata257

We give complete proofs of two elementary examples because they motivate the general258

construction and later reappear as corners of the master theorem.259

A: the uniform extraspecial class. Fix a prime p. For m ≥ 1 let Xm be the matching260

form: n = 2m generators, k = 1, and B2t,2t−1 = 1 for t ∈ [m], all other labels zero. The261

presented group G(Xm) of order p1+2m is, for odd p, the extraspecial group of exponent p;262

for p = 2, the central product of m copies of D8. For odd p, the infinite extraspecial group263

Ep of Nies–Stephan is the direct limit of this family.264

▶ Proposition 3 (the finite extraspecial family, uniformly). The class {G(Xm) : m ≥ 1}265

is uniformly word-automatic, with advice c σ2m for the m-th member and a multiplication266

automaton with 2p2 + 2 states.267

Proof. Encode (b, a) ∈ Fp × F2m
p as the word b a1 · · · a2m. By the cocycle normal form268

(Section 2), z = x·y holds iff az,i = ax,i+ay,i position-wise and bz = bx+by+
∑m

t=1 ax,2t ay,2t−1.269

The automaton keeps a deficit δ ∈ Fp and a buffer w ∈ Fp. On the marker c it sets270

δ := bz − bx − by. On each σ it checks the digit sum; at odd positions (2t−1) it stores271

w := ay,2t−1, at even positions (2t) it updates δ := δ − ax,2t · w. It accepts at the end iff272

δ = 0. Parity is one bit of state; the state count is 2 · p2 live states plus an initial and a sink273

state. Universe and equality automata check length parity and letter ranges only. ◀274

The construction extends immediately to any matching form; what matters below is its275

shape: the buffer w is a one-dimensional interface—the only information about the digits276

read so far that the future will consume.277

B: the laminar tree class. Now let the distinguished central kernel grow. For a binary278

shape tree T , let GT be generated by a pair xw, yw for every inner node w of T and a central279

zv for every leaf v, all of order p, subject to280

[ xw, yw ] =
∏

leaves v below w

zv,281

all other pairs of generators commuting. The full center is the displayed Fleaves
p : commuting282

with yw forces the coefficient of xw to vanish, and commuting with xw forces the coefficient283

of yw to vanish. The derived subgroup, however, is only the span of the descendant-leaf284

incidence vectors
∑

v below w zv and may be proper (already a root with two leaves gives285

derived rank 1 and center rank 2). The commutation targets form the laminar family of the286

tree. Along bushy families with | leaves(T )| = Θ(|T |) the center grows linearly; a unary spine287

instead has a single central generator and recovers a G(Xm)-like fixed-kernel family. Thus288

the bushy families cannot lie in any family with a uniformly bounded central kernel.289

▶ Proposition 4 (the laminar tree family, uniformly). The class {GT : T a binary shape tree}290

is uniformly tree-automatic, with the shape tree itself as advice and a multiplication automaton291

with p + 1 states.292

Proof. Encode an element by labelling inner nodes w with the digit pair (aw, bw) of xw, yw293

and leaves v with the central digit cv; choose the local normal-form order yw, xw, so that294

[xw, yw] has the displayed sign. The multiplication instance convolves three such labellings.295
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Writing the group law in normal form, z = x · y holds iff all digit sums match position-wise296

and, for every leaf v,297

cz,v − cx,v − cy,v =
∑

w above v

ax,w by,w.298

The right-hand side depends only on the root path of v, and—this is laminarity—it is the299

same sum for every leaf below a given node. So a bottom-up automaton can carry a single300

scalar: the deficit still owed to all leaves of the current subtree. At a leaf it starts as301

cz,v − cx,v − cy,v; at an inner node w it must equal the deficit of each child subtree—the302

automaton rejects if the two children disagree—and is decreased by ax,wby,w, the contribution303

of the pair at w to everything below. The automaton accepts at the root iff the owed deficit304

is 0. States: the p values of the deficit plus a sink. Universe and equality automata check305

shapes and letter ranges. ◀306

What must generalise. The two warm-ups look different—one streams left to right with a307

fixed central kernel, the other climbs a tree whose central kernel grows—but both automata308

carry rank-one data across every cut, and each isolates one of the two mechanisms of the309

master theorem.310

In warm-up A the buffer is a functional export: the cut after position 2t− 1 is crossed by311

exactly one commutation pair, and w is the value of the (rank-one) crossing block applied312

to the digits inside the cut. Replacing the matching by an arbitrary form, the crossing313

block MS at a cut S becomes an arbitrary matrix; an automaton with r registers can carry314

VS · (digits in S) for an r-row matrix VS generating the row module of MS , and the advice315

can spell out how these interfaces transform from one cut to the next. That programme,316

over the ring, is Section 4; on trees, where the two interfaces of sibling subtrees must be317

paired against each other at their merge, it is part of Section 5.318

In warm-up B the deficit is a claim: leaves inside the subtree are owed contributions by319

pairs that live above—outside—the subtree, an inward flow that a bottom-up automaton320

cannot yet see. The automaton copes by committing to what the outside must eventually321

deliver: laminarity makes all leaves below a node interchangeable, so one scalar describes the322

debt, and the sibling-agreement check is the consistency of two commitments. In general323

the debts of the central positions inside a cut form a vector constrained to a bounded claim324

module—the column module of a claim flattening—and the automaton will carry that vector325

as an element of the module, deterministically, rejecting when a residual falls outside it; every326

merge will reconcile a child’s claims against its sibling’s exports. That is the claim-and-verify327

protocol of Section 5.328

Why the ring requires care. Both mechanisms survive the passage from a distinguished329

kernel of exponent p to one of exponent pd—from Fp to R = Z/pd—but not by simply330

replacing Fp with R. Two phenomena, both already visible at width one over Z/4, have no331

field analogue.332

▶ Example 5 (merges are not matrices over Z/4). Consider a single commutation pair split333

between two sibling subtrees, with label 2 ∈ Z/4, and suppose each subtree’s interface is334

the functional w = 2a (respectively v = 2b) of the digit a (respectively b) of its endpoint.335

This generates the full crossing module 2R, and the merge must add the contribution 2ab.336

This value is completely determined by the two interface values, since 2ab = 2 (w/2)(v/2),337

where w/2 denotes the well-defined residue a mod 2; but it is not a bilinear form in them:338

q wv = 4qab = 0 ̸= 2ab for every q ∈ R. Pairing two valuation-1 interfaces through a matrix339
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only ever produces valuation ≥ 2; the valuation budget is spent. A merge over the ring must340

therefore be allowed to apply an arbitrary function of the two register values—a bounded341

pairing table—rather than a matrix (Lemma 15).342

▶ Example 6 (normalised interfaces do not restrict). One might hope to restore matrix merges343

by normalising the interface: by Lemma 1 every crossing module is contained in a free344

direct summand of the same module rank (a pure closure), and pairing free interfaces is345

unproblematic. But pure closures are not unique—in (Z/4)3, both R (1, 0, 1) and R (1, 2, 1)346

are minimal pure overmodules of R (2, 0, 2)—and they do not restrict into one another. For347

the form B31 = 2, B32 = 1, B42 = 2 over Z/4, of width one, the crossing module at the348

cut {1, 2, 3} is R (0, 2, 0), with pure closure R (0, 1, 0); restricting its generator to the first349

two coordinates gives (0, 1), which lies in no pure closure of the crossing module R (2, 1) at350

the cut {1, 2}—indeed R (2, 1) is already pure, and (0, 1) /∈ R (2, 1). An automaton carrying351

the normalised functional a2 mod 4 at the larger cut would need it delivered by an interface352

that can only ever supply 2a1 + a2; no transition matrix exists. The row-module generator353

(0, 2, 0), by contrast, restricts to (0, 2) = 2 · (2, 1), and the transition is the multiplication by354

2.355

The two examples fix the design: the interfaces carried across cuts are generating sets356

of the crossing row modules, for which restriction is exact over any ring (Lemma 14), and357

the merges consume them through tables (Lemma 15). The claims of warm-up B meet358

the same issue in a different guise—over the ring the residual vector inside a subtree has359

no canonical coordinates—and are carried as elements of a bounded claim module, with360

determinism supplied by a unique-extension property (Lemma 16). With these adjustments,361

both warm-up mechanisms extend to the general setting.362

4 Linear layouts over the chain ring363

Throughout this section fix p, d, k, r and a form B over R with a linear layout of width ≤ r;364

write Mt := M[t].365

The multiplication automaton must verify (bz, az) = (bx, ax) · (by, ay) while reading366

the three encodings synchronously, digit by digit. The digit sums az,t = ax,t + ay,t are367

position-wise; the work is the correction C(ax, ay) =
∑

t ax,t

(∑
i<t Bti ay,i

)
: at position t368

the automaton must know the vector
∑

i<t Bti ay,i ∈ Rk, a linear functional of all digits read369

so far. It cannot store the digits; it stores their image under the interface of the current cut.370

By Example 6, the interface must be a generating set of the crossing row module itself:371

▶ Lemma 7 (streaming interfaces). For 0 ≤ t ≤ n fix Vt ∈ Rr×t whose rows generate372

rowsp(Mt) (possible by Lemma 1, padding with zero rows; V0 is empty). Then for every373

t ∈ [n] there are Pt ∈ Rr×r, vt ∈ Rr, Rt ∈ Rk×r with374

1. Vt =
[

PtVt−1
∣∣ vt

]
, i.e. the first t− 1 columns of Vt equal PtVt−1 and the last column is375

vt;376

2. RtVt−1 = B(t), where B(t) ∈ Rk×(t−1) has columns Bti for i < t.377

Proof. (1) Each row of Mt is indexed by some (j, l) with j > t; its restriction to the first t−1378

columns is the corresponding row of Mt−1, because the same generator j also lies outside379

[t−1]. Restriction is R-linear, so every row of Vt—an R-combination of rows of Mt—restricts380

to an R-combination of rows of Mt−1, i.e. into rowsp(Mt−1) = rowsp(Vt−1); Pt collects the381

coefficients, and vt is the last column. (2) The l-th row of B(t) is the row (t, l) of Mt−1,382

because t /∈ [t− 1]; hence it lies in rowsp(Vt−1). ◀383
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The proof is verbatim the field argument, and this is the point: the restriction calculus384

of row modules is exact over any commutative ring. What fails over the ring is only the385

normalisation of the interface (Example 6), which the lemma never performs. Merges do not386

occur on a chain, so the obstruction of Example 5 first arises in Section 5.387

▶ Theorem 8 (linear layouts). For all fixed p, d, k, r, the class Clin
p,k,r,d is uniformly word-388

automatic. The advice for (B, layout) has length n + k over pd(r2+r+kr) + 1 advice letters389

(the presentation’s base alphabet adds the pd element digits and the padding symbol); the390

multiplication automaton has pd(k+r) +
∑

j<k pdj + 1 states; and every well-formed advice391

presents a member of the class.392

Proof. Encoding. An element (b, a) is the word b1 · · · bka1 · · · an over the digit alphabet393

{0, . . . , pd − 1} representing R. The advice is ckα1 · · ·αn where αt encodes the triple394

(Pt, vt, Rt) of Lemma 7 as r2 + r + kr ring entries.395

The automaton. States are (c, j, δ) with j < k, δ ∈ Rj×{0}k−j , and (x, δ, w) with δ ∈ Rk,396

w ∈ Rr, plus a sink. On the j-th center position it records δj := bz,j−bx,j−by,j . On position397

t it checks ax,t + ay,t = az,t, updates398

δ ← δ − ax,t · (Rt w), w ← Pt w + vt · ay,t,399

and accepts at the end iff δ = 0.400

Correctness. By induction, after position t the invariant w = Vt (ay)|[t] holds: it is401

preserved by Lemma 7(1). Hence at position t, Rtw = RtVt−1(ay)|[t−1] =
∑

i<t Btiay,i by402

Lemma 7(2), so the accumulated subtraction is exactly C(ax, ay) of (1), and acceptance403

means bz = bx + by + C(ax, ay) as required by Lemma 2. The universe and equality automata404

only check the shape.405

Exactness. Conversely, an arbitrary well-formed advice defines, through the same update406

equations, the correction C̃(a, a′) =
∑

i<t

(
Rt Pt−1 · · ·Pi+1 vi

)
at a′

i, which is R-bilinear and407

supported on pairs i < t; so it equals (1) for the form Bti := RtPt−1 · · ·Pi+1vi, and the408

advice presents G(B) for that form. Its layout has width ≤ r: the crossing block Mt of the409

streamed form factors, by the same telescoping, as At ·Wt where Wt ∈ Rr×t has columns410

Pt · · ·Pi+1vi, so rowsp(Mt) ⊆ rowsp(Wt) is generated by r elements and rkR

(
rowsp(Mt)

)
≤ r411

by Lemma 1. ◀412

▶ Remark 9. The encoding has the expected size: an element of G has length n+k = logpd |G|,413

and for fixed φ the model-checking run (Corollary 31) is linear in log |G|—not in |G|.414

▶ Example 10 (the clique). Let Bji = 1 ∈ R1 for all i < j: no two generators commute, and415

the commutation graph is complete, with pathwidth n−1. Every crossing block is an all-ones416

matrix, of module rank 1; the layout data can be taken as Pt = (1), vt = (1), Rt = (1), and417

the automaton degenerates to two registers: w =
∑

i≤t ay,i and the deficit δ. Under any418

vertex-based width measure this is the hardest instance; under cut-rank it is the easiest.419

▶ Example 11 (extraspecial groups, and valuation-carrying labels). Let n = 2m, k = 1, d = 1,420

and B2t,2t−1 = 1 for t ∈ [m]: a perfect matching, presenting the extraspecial-type group of421

order p1+2m, and Theorem 8 specialises to the uniform presentation of Proposition 3. Over422

the ring the same matching with labels ps, 0 ≤ s < d, presents central extensions whose423

commutators have order pd−s; the module cut-rank of every cut is still 1—the width charges424

a valuation-carrying label fully, as it must, since the automaton genuinely transports the425

functional psay,2t−1 across the cut.426
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5 The master theorem: distributed central targets over the ring427

Theorem 8 fixes the central-kernel dimension and streams all central digits at one end of the428

layout, so every correction flows upward. This section removes both restrictions at once: the429

central generators live on the layout tree themselves, with commutator targets distributed430

arbitrarily, and everything happens over R = Z/pd.431

Site trees and cocycle tensors. A site tree is a reduced binary tree whose nodes are x-sites432

(generators), z-sites (central generators), or structural nodes. Every structural node has two433

children, each containing an x- or z-site; X and Z denote the x- and z-sites in post-order. A434

cocycle tensor over R is a family T = (Tjiv) with Tjiv ∈ R, indexed by i < j in X and v ∈ Z.435

It presents G(T ): the central extension of RX by the distinguished central kernel RZ with436

correction C(a, a′)v =
∑

i<j Tjiv aja′
i, to which Lemma 2 applies verbatim. Elements (b, a)437

are digit labellings of the site tree, and a multiplication instance convolves three of them;438

the check at a z-site v is (bz − bx − by)v = C(ax, ay)v, while x-sites carry position-wise digit439

sums.440

▶ Definition 12 (crossing flattenings, width). Let S be a subtree (a post-order interval).441

Organise the entries Tjiv with at least one but not all sites in S into the following six, partly442

overlapping, matrices:443

Fy : rows i ∈ S, cols (j, v) /∈ S (y-digit functionals, upward)444

Fx : rows j ∈ S, cols (i, v) /∈ S (x-digit functionals, upward)445

Fm : rows (j, i) ⊆ S, cols v /∈ S (resolved pair-sums, upward)446

Fg : rows v ∈ S, cols (j, i) ̸⊆ S (claims: expected inward flow)447

Fpy : rows i ∈ S, cols (j /∈ S, v ∈ S) (mixed: inside y-coefficients of future x-digits)448

Fpx : rows j ∈ S, cols (i /∈ S, v ∈ S) (mixed, x-side).449

The width of the cut is the maximum of the six module ranks, and the width of the layout is450

the maximum over all subtree cuts. For fixed p, d, r let Csite
p,d,r be the class of pairs (site tree,451

tensor of width ≤ r), each presenting G(T ).452

By Lemma 1, row and column modules of a matrix have the same module rank, so453

the width bounds either side of each flattening. The six matrices are genuinely different:454

reshaping a flattening changes its rank. For the endpoint-indexed tensor Tjiv = [ v = ℓ(i) ]455

the flattening [(i, v)]× [j] has rank one while [i]× [(j, v)] has full rank, and conversely for456

other tensors; each of the six corresponds to a distinct kind of traffic a bottom-up evaluator457

must carry, so the width must bound each of them, and Example 13(iv) below shows the458

inward kind is genuinely charged.459

▶ Example 13 (the corners, quantitatively). (i) With all z-sites on a chain above the root,460

Fg, Fpy, Fpx are empty at every layout cut and rkR(Fm) ≤ k: a form of tree cut-rank r in the461

sense of Section 2 has width ≤ max(r, k). The split of MS into Fy and Fx by the orientation462

of the crossing pair requires care: zeroing a triangle of an all-ones matrix can increase its rank463

without bound. Here, however, the split partitions the rows of MS : since S is a post-order464

interval, an outside index above it is the larger endpoint of every pair it crosses into S, one465

below it the smaller, so each row belongs entirely to Fy or to Fx. (ii) Encode the laminar466

tree-indexed groups of Proposition 4 as site trees: each inner node w of the shape becomes467

a chain of two x-sites (xw directly above yw), each leaf a z-site, and Txwywv = 1 for every468
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leaf v below w. A subtree cut never separates a generator pair except along its own chain469

edge, and every target lies below its pair, so Fy = Fx = Fm = 0; every ancestor pair owes470

every central leaf below the cut equally, so each claim flattening is an all-ones matrix: width471

1. (iii) Point targets: as in (ii) but each pair hits only the leftmost leaf below it. Width 1,472

growing central kernel, non-laminar law: as a site-tensor presentation, this family belongs473

to neither the fixed-kernel corner of Theorem 8 nor the laminar presentation above. (iv)474

Scattered targets: place m private central generators on a chain below a chain of m otherwise475

mutually commuting generator pairs, with pair t targeting zt. Every flattening has at most476

m rows or columns, while the claim flattening at the cut containing the z-chain is the m×m477

identity. This displayed layout therefore has width exactly m.478

The protocol. At site boundaries the macro-automaton carries six Rr-registers; throughout,479

“interface” means an advice-chosen generating tuple of the indicated module (Lemma 1), and480

elements of the two bounded modules below are stored as representatives with respect to481

such a tuple, canonicalised by the advice.482

wy = V y
S (ay)|S∩X and wx = V x

S (ax)|S∩X , where the rows of V y
S generate the column483

module of Fy(S)—each column, indexed by an outside consumer, is a functional of the484

inside digits—and likewise V x
S for Fx;485

their mixed counterparts φy = V py
S (ay)|S∩X and φx = V px

S (ax)|S∩X for Fpy, Fpx: inside486

coefficients that a future outside digit will multiply, the product flowing back into the487

subtree’s checks;488

m, a representative of the exports489

µS :=
(∑

(j,i)⊆S Tjiv ax,j ay,i

)
v /∈S

∈ ES := rowsp(Fm(S)),490

the contribution vector that pairs resolved inside S owe to targets outside;491

g, a representative of the residuals492

δS :=
(

(bz − bx − by)v −
∑

(j,i)⊆S Tjiv ax,j ay,i

)
v∈S∩Z

,493

which the run requires to lie in the claim module ΓS := colsp(Fg(S)), rejecting otherwise:494

the outside can only ever deliver elements of ΓS , since each future pair contributes an495

R-multiple of its column of Fg(S).496

ES and ΓS have module rank ≤ r, so both have at most pdr elements and representatives497

in Rr; the committed state space is R6r plus a sink. A streamed implementation of one498

macro-transition uses additional temporary banks, counted below.499

Three lemmas supply the transition data. The first is the restriction calculus, one500

membership argument instantiated per flattening pair.501

▶ Lemma 14 (restriction calculus). Let u be a node with subtree S and let D index a child502

subtree (or the unique child at a unary node). Then:503

1. folds: a column of Fy(S), restricted to the rows in D, is a column of Fy(D); a column504

of Fpy(S) restricted to D is a column of Fpy(D) if its target lies in D, and a column of505

Fy(D) otherwise; symmetrically on the x-side;506

2. read-offs: for an x-site u and i ranging over D, the coefficient vector (Tuiv)i∈D is, for507

each fixed target v, a column of Fy(D) if v /∈ D and a column of Fpy(D) if v ∈ D; and508

for each fixed i, the target vector (Tuiv)v∈D∩Z is a column of Fg(D), while (Tuiv)v /∈S is a509

row of Fm(S);510
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3. exports: restricting a row of Fm(D) to the targets outside S gives the corresponding row511

of Fm(S); hence coordinate restriction maps ED into ES. Restricting it instead to the512

targets in the sibling D′ gives a column of Fg(D′); hence coordinate restriction maps ED513

into ΓD′ ;514

4. claims: a column of Fg(S), restricted to the z-rows in D, is a column of Fg(D); hence515

coordinate restriction maps ΓS into ΓD.516

Consequently all fold and rebase systems below are solvable over R: whenever a carried tuple517

must be re-expressed over a target interface, the relevant vectors lie in the target module.518

Proof. Each assertion follows from the same membership argument. For (1), the consumer519

(j, v) of a column of Fy(S) satisfies j, v /∈ S ⊇ D, so the pair indexes a column of Fy(D); for520

Fpy(S) the consumer has j /∈ S and v ∈ S, and restricting to D the target either stays inside521

(Fpy(D)) or falls outside D (Fy(D)). (2): u /∈ D, so (u, v) is an admissible column index of522

the child flattening in each case, and (u, i) ⊆ S with v /∈ S indexes a row of Fm(S). (3): a523

pair inside D is inside S, and its targets outside S (resp. in D′) index the same entries in524

Fm(S) (resp. a column of Fg(D′), since the pair is not inside D′). (4): a pair not inside S is525

not inside D. The final sentence is the definition of the modules as spans. ◀526

The second lemma addresses Example 5: the merge of two sibling interfaces is a well-527

defined pairing, but not a matrix.528

▶ Lemma 15 (pairing tables). Let u be a binary node with children D0, D1, and consider529

the split pairs (i ∈ D0 ∩X, j ∈ D1 ∩X), sorted by target into blocks with v /∈ Su, v ∈ D0,530

v ∈ D1, and, when u is a z-site, v = u. Then the total contribution of each block,531 (∑
i,j Tjiv ax,j ay,i

)
v
,532

is a well-defined function of a pair of register values—of (wx
D1

, wy
D0

) for the first and fourth533

blocks, (wx
D1

, φy
D0

) for the second, and (φx
D1

, wy
D0

) for the third. As an element-valued map,534

the first three land in ESu
, ΓD0 and ΓD1 , respectively; the fourth is a scalar used in the check535

at u. Each map is R-bilinear on the images of the two interfaces. In general it does not536

extend to a bilinear form on Rr ×Rr (Example 5); the advice therefore carries it as a table537

with p2rd entries. For d = 1 every such map extends to a bilinear form, and the table may be538

replaced by r × r matrices over Fp.539

Proof. Fix a target v of the first block and let Xv[j, i] = Tjiv. For fixed j, the vector540

(Tjiv)i∈D0 is the column (j, v) of Fy(D0)—both j and v lie outside D0—so every row of541

Xv lies in rowsp(V y
D0

), i.e. Xv = AvV y
D0

for some Av. Hence Xva = Av(V y
D0

a) depends on542

a := (ay)|D0 only through wy
D0

, and symmetrically—the columns of Xv being columns of543

Fx(D1)—the value bTXva depends on b := (ax)|D1 only through wx
D1

: the contribution is544

a well-defined function of (wx
D1

, wy
D0

), visibly R-bilinear on the images. The target vector545

of each split pair, (Tjiv)v /∈Su
, is a row of Fm(Su), so the element-valued map lands in ESu .546

For the second block replace Fy(D0) by Fpy(D0) (the target lies in D0) and note the target547

vectors (Tjiv)v∈D0∩Z are columns of Fg(D0); the third block is symmetric. For the fourth548

block, u lies outside both children, so the first-block argument applies verbatim, with the549

single target coordinate retained as a scalar. Over a field, a bilinear map defined on subspaces550

extends to the ambient spaces by completing bases, which yields the matrices; Example 5551

shows a map with no such extension over Z/4. ◀552

The third lemma packages the claim discipline. Elements of ΓS are actual vectors, so553

the bookkeeping that over a field is done with coordinates can be done with the elements554

themselves.555
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▶ Lemma 16 (claim modules). rkR(ΓS) ≤ r for every subtree S, and:556

1. partial extension and contraction: suppose S′ is obtained from a child subtree S by adding557

one parent site. If the parent is an x-site, then S′ ∩ Z = S ∩ Z and ΓS′ ⊆ ΓS; hence the558

inverse of the inclusion is a partial map that is defined exactly when the updated residual559

belongs to ΓS′ . If the parent is a z-site v, then an element of ΓS′ is determined by its560

restriction to S ∩Z together with its coordinate at v. At a binary node, an element of ΓSu
561

is determined by its restrictions to the two children and, when u is a z-site, its coordinate562

at u. Thus claim extension, contraction and sibling joins are partial functions defined563

exactly on consistent inputs;564

2. discharge: subtracting from g any R-combination of columns of Fg(S) stays in ΓS;565

3. restriction: by Lemma 14(4), the restriction of a claim to a child is a claim of the child,566

so the extensions and joins of (1) are compatible with the invariants below.567

At d = 1, choosing a full-column-rank submatrix of Fg(S) turns ΓS into coordinates FrkR
p568

and (1) into the familiar protocol: commit to the unique coordinates of the residual, reject if569

the system is inconsistent, and check that sibling subtrees agree.570

Proof. The rank bound is the width. If the added parent is an x-site, the rows of the two571

claim flattenings have the same index set, while every column of Fg(S′) is also a column572

of Fg(S); hence ΓS′ ⊆ ΓS . In the other cases the stated restrictions and the possible new573

coordinate list every coordinate of the vector, so the maps are injective. This proves (1).574

Parts (2) and (3) are closure of a module under subtraction and Lemma 14(4). ◀575

The advice must certify these algebraic interfaces, rather than merely have the right576

syntactic shape. We first specify exactly what a node letter contains. For a proposition P ,577

write R[P ] for R if P holds and for 0 otherwise.578

▶ Definition 17 (certified local type). At every node u, a certified local type declares six finite579

r-generated R-modules580

Hy
u , Hx

u , Hpy
u , Hpx

u , Eu, Gu,581

each with a fixed surjection from Rr and a canonical representative for every element. It582

records the node kind and the following maps, with one copy for each child Dq.583

1. For each ϵ ∈ {x, y} and h ∈ {plain, mix}, an R-linear functional-update map584 ⊕
q

(Hϵ
Dq
⊕Hpϵ

Dq
)⊕R[u∈X] −→ Hhϵ

u .585

These are the folds and digit injections for the four functional registers; the last summand586

receives the digit ξϵ
u from input ϵ.587

2. For each child, linear export maps588

qout
q : EDq

→ Eu, qsib
q : EDq

→ GD1−q
, oq : EDq

→ R[u∈Z],589

omitting the sibling map at a unary node.590

3. At a binary node, balanced biadditive split-pair maps591

Pout : Hx
D1
×Hy

D0
→ Eu, P0 : Hx

D1
×Hpy

D0
→ GD0 ,592

P1 : Hpx
D1
×Hy

D0
→ GD1 , Pu : Hx

D1
×Hy

D0
→ R[u∈Z].593
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4. If u ∈ X, linear parent–descendant read-offs594

Rout
q : Hy

Dq
→ Eu, Rq,t : Kq,t → GDt

595

for every existing child Dq and target child Dt. In the second display, Kq,t := Hpy
Dq

when596

q = t and Kq,t := Hy
Dq

otherwise.597

5. An injective claim map598

ju : Gu −→
⊕

q

GDq
⊕R[u∈Z],599

together with its partial inverse on its image.600

At a leaf, absent child modules and maps are omitted; moreover Eu = 0, and Gu = 0 unless601

u is a z-site. At the root all six modules are zero. Child-module names in a parent letter602

must equal the module names exposed by the child.603

Here balanced biadditive means additive in both arguments and P (ra, b) = rP (a, b) =604

P (a, rb) for r ∈ R. The transition equations are part of the definition. Write eq, gq for child605

exports and claims, h•
q for their functional values, and ξx

u, ξy
u for the two input digits at an606

x-site. Put p0 = P0(hx
1 , hpy

0 ) and p1 = P1(hpx
1 , hy

0). Missing terms are zero. The new export607

and the temporary child claims are608

eu =
∑

q

qout
q (eq) + Pout(hx

1 , hy
0) + [u ∈ X] ξx

u

∑
q

Rout
q (hy

q), (2)609

g̃t = gt − qsib
1−t(e1−t)− pt − [u ∈ X] ξx

u

∑
q

Rq,t(kq,t), (3)610

where kq,t is the current value in Kq,t. If u is a z-site, its new coordinate is611

du −
∑

q

oq(eq)− Pu(hx
1 , hy

0), (4)612

where du = bz,u − bx,u − by,u. The new claim is the partial inverse of ju applied to the tuple613

of the g̃t and, when present, the coordinate in (4); an undefined inverse means rejection. The614

four functional outputs are the values of the maps in (1). Equations (2)–(4), together with615

linearity, balanced biadditivity, injectivity of ju, the boundary conditions and matching child616

types, are the complete local certificate conditions.617

▶ Lemma 18 (regular certified macro-advice). For fixed p, d, r there are a finite alphabet Λp,d,r618

and a regular language Acert
p,d,r of Λp,d,r-labelled binary trees with the following properties.619

1. Every site tensor T of layout width at most r effectively yields an advice α(T ) ∈ Acert
p,d,r.620

2. Every α ∈ Acert
p,d,r determines a site tree and a unique triangular R-bilinear cocycle tensor621

Tα on it, of layout width at most r.622

3. On α, the six-register macro-protocol recognises exactly the multiplication graph of G(Tα).623

The same statements hold after replacing each macro-letter by a fixed Op,d,r(1)-node instruc-624

tion gadget over the streamed alphabet.625

Proof. Regularity. A macro-letter is the finite structure in Definition 17. There are only626

finitely many such letters. An r-generated module is a quotient of Rr and hence has at most627

pdr elements; for fixed p, d, r there are only finitely many module structures, maps and tables628

on these carriers. Whether a node letter has the child types it declares, whether its maps are629

homomorphisms or balanced biadditive, and whether ju is injective with the stated partial630

inverse are finite checks. A bottom-up tree automaton stores the exposed six module types631

and performs these checks, so Acert
p,d,r is regular.632
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Completeness. Given T , take at every cut the actual six modules of Definition 12,633

choose generating tuples padded to length r, and attach the maps and tables constructed in634

Lemma 14, Lemma 15 and Lemma 16. Partitioning contributions by their source and target635

location gives equations (2)–(4), so the resulting advice is certified.636

The reconstructed tensor. Conversely, read the certified maps as an arithmetic circuit.637

Each input digit enters through a linear digit map, and every correction term is obtained638

either by multiplying a linear read-off by the other input digit or by a biadditive pairing,639

and is then routed linearly to one z-site. The circuit therefore computes an R-bilinear map640

Cα : RX ×RX → RZ . To see that no pair is omitted or duplicated, take two distinct x-sites.641

If they are comparable in the tree order, their pair is introduced by the parent–descendant642

read-off at the upper site. Otherwise their least common ancestor has them in different child643

subtrees, and its split-pair table introduces the pair. These cases are disjoint and exhaustive.644

The upper site or least common ancestor follows both endpoints in post-order, so Cα is645

triangular with zero diagonal. Its basis values define a unique tensor Tα.646

Width. We give the factorisation argument at an arbitrary subtree S. First, the injective647

maps ju recursively embed every abstract claim module into its coordinate space:648

γS : GS ↪→ RS∩Z .649

An export element similarly determines a concrete vector outside S. Define εS : ES → RZ\S
650

downwards from the root. If S = Dq is a child of Su, the three disjoint coordinate blocks651

Z \ Su, D1−q ∩ Z, and {u} ∩ Z receive, respectively,652

εSu
(qout

q (e)), γD1−q
(qsib

q (e)), oq(e),653

with absent blocks omitted. These values uniquely define εDq (e); at the root the codomain is654

zero. Every pair resolved inside S is routed through ES , so every row of Fm(S) lies in im εS .655

Every pair resolved outside S is routed into S through GS , so every column of Fg(S) lies in656

im γS .657

For each functional type, the update maps recursively define a linear digit map D•
S :658

RS∩X → H•
S . Any interaction whose one endpoint lies in S is resolved above the cut using659

only the corresponding value D•
S(a|S). Hence every functional in the associated crossing660

flattening is a precomposition λ ◦D•
S for some λ ∈ HomR(H•

S , R). If an r-generated module661

is written as a sum of at most r cyclic modules, its dual has at most r cyclic summands. Thus662

all six flattening modules are submodules or homomorphic images of r-generated modules663

and have module rank at most r by Lemma 1.664

Protocol correctness. For the true product defined by Cα, the residual at a subtree665

is the sum of precisely those contributions resolved outside it. The circuit routes every666

such contribution through GS . Hence the residual lies in im γS , and at each node its child667

restrictions and possible new coordinate lie in the image of ju. Every required partial inverse668

is therefore defined. Conversely, equations (2)–(4) show inductively that an accepting run669

has accounted for every pair and target exactly once. The macro-protocol therefore accepts670

precisely671

(b, a) · (b′, a′) = (b + b′ + Cα(a, a′), a + a′),672

which is G(Tα) by Lemma 2.673

Streamed encoding. Finally, encode each macro-letter by a fixed unary instruction gadget674

carrying one ring entry at a time. A finite tree automaton checks these finitely many675

codes and their attachment points, so this fixed expansion preserves regularity and all three676

properties. ◀677
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▶ Theorem 19 (master theorem: distributed central targets over Z/pd). For all fixed p, d and678

r, the class Csite
p,d,r is uniformly tree-automatic, with exact regular advice set Acert

p,d,r. With one679

advice letter containing the complete bounded transition data of a site, the multiplication680

automaton has p6rd + 1 states. Alternatively, the advice may expand each site into Op,d,r(1)681

letters carrying one ring entry each, over an alphabet of pd + O(1) letters; the resulting682

streamed automaton has pO(rd) states.683

Proof. Use the certified advice language of Lemma 18. In the macro-letter presentation,684

the advice at each node carries the transition data of Lemmas 14–16 for its subtree: the685

fold matrices and injection columns for the four functional interfaces, the rebase data for686

export and claim representatives, the read-off data, and the three split-pair tables (plus the687

parent-target table at a binary z-site). In the streamed presentation these data become an688

instruction chain; element digits repeat along the site’s stretch, and the universe automaton689

enforces constancy. We maintain, bottom-up at every subtree S, the corresponding abstract690

interfaces H•
S , Ecert

S , Gcert
S declared by the certificate. The four functional registers have691

their certified values, m represents the routed export in Ecert
S , and g represents the residual692

through the embedding Gcert
S ↪→ RS∩Z constructed in Lemma 18. For advice compiled from693

a tensor, these may be chosen as the concrete modules ES and ΓS above; an arbitrary valid694

certificate need only factor those concrete modules. The run remains alive exactly while the695

certified partial maps are defined and every digit sum holds.696

Leaves. At an x-site leaf the functional registers initialise from the certified digit maps,697

and Ecert = Gcert = 0. At a z-site leaf v, the residual δv = (bz − bx − by)v is passed to the698

partial inverse of jv : Gcert
v ↪→ R; it yields the claim representative or rejects.699

Unary x-site u over D. The new pairs are {u, i}, i ∈ D. By Lemma 14(2) their coefficient700

vectors over i lie in the column modules of Fy(D) or Fpy(D) according to the target’s position,701

so the contribution is ax,u · (advice-known linear function of wy
D resp. φy

D); the part with702

targets outside S enters m (its target vectors are rows of Fm(S)), while the part with targets703

inside discharges g. The updated child claim is then passed through the partial inverse of704

ju : Gcert
S ↪→ Gcert

D , rejecting when it is outside the image. The export and functional registers705

update by the declared maps and absorb the node’s two input digits. On a certificate compiled706

from a tensor, solvability of these maps is precisely Lemma 14(1)–(3) and Lemma 16(1),(2).707

Unary z-site v over D. The coordinate v leaves the outside: the letter reads the708

v-coordinate of the represented element µD (a fixed function of m), the residual δv =709

(bz − bx − by)v − µD(v) arrives, and the partial inverse of ju combines it with the child claim,710

uniquely or with rejection. The export and functional interfaces update by their declared711

linear maps.712

Binary node u over D0, D1. One macro-transition consumes both child states and713

performs the following operations. First initialise m with the restrictions of µD0 + µD1 to714

targets outside Su, and initialise temporary claims g0 := δD0 and g1 := δD1 . Partition the715

split pairs between D0 and D1 by target into716

Bout, B0, B1, Bu717

(the last block exists only when u is a z-site). The first three pairing tables of Lemma 15718

add the contribution of Bout to m and subtract those of B0, B1 from g0, g1. Next restrict719

each child’s export to the sibling’s central sites and subtract it from the sibling claim; these720

are the cross-flows µD0 |D1∩Z and µD1 |D0∩Z of Lemma 14(3).721

If u is an x-site, first check its position-wise digit sum, then process the pairs {u, i}722

separately for i ∈ D0 and i ∈ D1. For each child, sort their targets into sites outside Su,723

sites in that child, and sites in its sibling. The read-offs of Lemma 14(2), applied to wy or724
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φy as appropriate, add the outside part to m, subtract the same-child part from that child’s725

claim, and subtract the sibling part from the sibling’s claim. This accounts for the target726

class omitted by treating the parent as a unary node. The two resulting claims then join727

through the partial inverse of ju, uniquely or with rejection, to g ∈ Gcert
Su

.728

If u is a z-site, no new generator pair involves u. Instead its new residual coordinate is729

δu = (bz − bx − by)u − µD0(u)− µD1(u)− Pu(wx
D1

, wy
D0

),730

where Pu is the fourth pairing table, for the split pairs targeting u. The child claims together731

with this coordinate extend through the partial inverse of ju, uniquely or with rejection, to732

g ∈ Gcert
Su

.733

If u is structural, there is no site digit and no parent contribution. The two updated734

child claims join, uniquely or with rejection, to g ∈ Gcert
Su

.735

In all three cases the surviving child exports and the outside split-pair contribution are736

already represented by m ∈ Ecert
Su

. Finally the four functional interfaces fold from the raw737

child registers to the Su-interfaces by Lemma 14(1), and at an x-site they also absorb the738

node’s own digit column. Thus every pair and every target is handled exactly once.739

Root. Nothing is outside: the boundary conditions give Ecert = Gcert = 0, and the740

automaton accepts iff the run is alive and g represents 0. Unwinding the invariants, this holds741

iff all digit sums hold and every residual was discharged exactly, i.e. bz = bx + by + C(ax, ay)742

coordinate-wise: acceptance is z = x · y in G(T ).743

Counting. At site boundaries, six registers with values in Rr give p6rd live macro-states744

plus the sink. A macro advice symbol contains the complete collection of fold, injection,745

read-off, rebase and pairing data for that site; this alphabet is finite for fixed p, d, r, but large.746

To keep the alphabet small, stream those data one ring entry at a time. During the resulting747

unary instruction chain the automaton must retain both six-register child interfaces, the748

partially built six-register output, and a constant number of scratch registers and control749

values. Thus it uses O(1) many Rr banks—for example, the implementation uses nine750

output/scratch banks and two saved six-bank child interfaces—and hence pO(rd) states, not751

p6rd + 1. The data comprise Θ(r2) entries per fold matrix, Θ(r) per injection, and p2rd · r per752

vector-valued pairing table, plus the scalar parent-target table. Consequently a site expands753

into Op,d,r(1) letters over the pd digit letters and finitely many operation markers.754

By Lemma 18(1), every width-≤ r site tensor occurs. By parts (2)–(3), every accepted755

advice presents G(T ) for a width-≤ r site tensor T . Hence the presented class is exactly756

Csite
p,d,r. ◀757

▶ Remark 20 (why the certificates are necessary). The larger set of merely well-shaped758

instruction trees is regular, but is not a valid advice set: incomplete operations can make759

multiplication partial, and arbitrary completed tables can violate associativity. Nor is it760

enough to retain those programs that happen to satisfy the group axioms. Group axioms alone761

do not force coordinate-wise addition on the x- and z-digits, bilinearity of the correction,762

or the six width bounds; arbitrary tables may, for instance, implement carries between763

coordinate sites. The algebraic types in Acert
p,d,r impose exactly these missing conditions.764

For a certified advice, the distinguished coordinate kernel is Kα = RZ . Each coordinate765

copy has order pd, every element has order dividing pd, and hence Kα has order pd|Z| and,766

when Z ≠ ∅, exponent exactly pd. This says nothing stronger about the full center: it may767

be larger, and at p = 2 may contain elements of order greater than pd.768

▶ Corollary 21 (string version). For all fixed p, d, r, the subclass of Csite
p,d,r given by chain-shaped769

site trees is uniformly word-automatic, with the same state bounds in the macro-letter and770

streamed encodings, respectively.771
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Proof. On a chain every node has at most one child, so a bottom-up run visits the sites in772

a linear order and never branches: the tree automaton is a word automaton reading the773

advice and the element encodings leaf-to-root, and the convolution of chain-shaped trees774

is the convolution of the corresponding words. Merges—the only genuinely tree-shaped775

transitions—do not occur. ◀776

▶ Corollary 22 (fixed central kernels, and the warm-ups). (i) For all fixed p, d, k, r, every777

member of Ctree
p,k,r,d has advice in the uniformly tree-automatic master class of width max(r, k).778

Indeed, place the k central generators on a chain above the layout root. At every layout cut779

Fg, Fpy, Fpx are empty and rkR(Fm) ≤ k, so Example 13(i) and Theorem 19 apply. This is a780

common presentation by the master automata, not an exact uniform presentation of Ctree
p,k,r,d:781

the restricted master advice language may also contain forms whose combined crossing block782

has rank greater than r. On spine layouts the run simulates the exact word presentation of783

Theorem 8. (ii) The two genuinely uniform warm-up families are width-one corners: the784

matching forms of Proposition 3 under (i), and the laminar site trees of Example 13(ii),785

where ΓS is generated by the all-ones vector, the represented claim is the single deficit owed786

to every leaf below, the join of Lemma 16(1) is “sibling subtrees must owe equally”, and the787

protocol collapses to the (p + 1)-state automaton of Proposition 4. The point-target tensors788

of Example 13(iii) lie in neither syntactic corner.789

6 The wealth of the class790

This section delineates the scope of bounded width. For scalar forms over Fp, on leaf layouts791

the parameter is exactly labelled-graph rank-width, and on node layouts it differs by at most792

one (Proposition 23); the class is closed under direct products, with the grafted block layout793

having width the maximum, not the sum, of the widths of its factors (Proposition 24); the794

classical width measures of the commutation graph bound it (Proposition 26); and at the tame795

end it collapses, whereas generic forms have linear width (Proposition 27, Proposition 28).796

Table 1 places the named constructions.797

▶ Proposition 23 (rank-width interface). For k = 1 and d = 1, let AB be the symmetric798

matrix with off-diagonal entry (AB)ij = B̂{i,j}. Define rwp(B) as the Fp-rank-width of799

this labelled graph in the sense of Kanté and Rao [17]: the minimum, over subcubic leaf800

decompositions, of the maximum rank of AB[S, [n] \ S] across a decomposition edge. Let801

tcrnode(B) be the minimum width when generators may occur at arbitrary nodes, and let802

tcrleaf(B) be the minimum when every generator is at a leaf. Then803

tcrnode(B) ≤ tcrleaf(B) = rwp(B) ≤ tcrnode(B) + 1.804

In particular, a rank-decomposition of width r gives a layout of width r, while an arbitrary805

node layout of width r gives a rank-decomposition of width at most r + 1.806

The alternating commutator matrix differs from AB by signs. This does not affect the807

cuts used here: a subtree is a post-order interval, so each outside row lies wholly before or808

wholly after it and receives one uniform sign.809

Proof. A rank-decomposition is a subcubic tree with the vertices at its leaves; subdividing810

an arbitrary edge and rooting there yields a binary leaf layout whose internal nodes are811

structural. The generator set below any edge is one side of the corresponding decomposition812

cut, and its crossing block is the bipartite adjacency block defining cut-rank. This proves813

tcrleaf = rwp, and tcrnode ≤ tcrleaf is immediate.814
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Conversely, leafify an arbitrary node layout. Leave a generator-carrying leaf unchanged.815

At a unary generator node, detach the generator to a new leaf beside its old child. At a binary816

generator node, replace it by a structural parent with the new generator leaf as one child and817

a structural node carrying the two old children as the other. The old cut is represented at818

the new parent; the additional cuts delete that generator from an old cut or isolate it. The819

two crossing matrices then share a common block, with one obtained from it by adjoining a820

row and the other by adjoining a column, so their ranks differ by at most one. Hence the821

leafified layout has width at most tcrnode +1, proving the last inequality. ◀822

▶ Proposition 24 (closure under direct products). Let T1, T2 be cocycle tensors over R on823

disjoint site trees, whose given layouts have widths r1, r2. Grafting one tree below a leaf of the824

other and taking the block-diagonal tensor presents G(T1)×G(T2), and the resulting layout825

has width max(r1, r2). The same holds for any finite number of factors.826

Proof. The combined tensor is block-diagonal: no commutation pair and no target uses sites827

from different blocks. Attach the root of T1 as a child of a leaf of T2; the relative post-order828

within each factor is unchanged. A subtree cut lying in T1 has exactly the corresponding829

flattenings of T1, padded by zeros. A cut in T2 either excludes T1 or contains it in full; since830

a whole tensor block contributes no crossing entry, its flattenings are exactly those of the831

corresponding cut of T2, again padded by zeros. Thus the width is at most max(r1, r2), and832

each factor’s cuts show equality. Iterate the construction for finitely many factors. ◀833

▶ Proposition 25 (presentation-independent scarcity). For fixed p, d, r, the groups presented834

by Csite
p,d,r include at most 2O(m) isomorphism types of order pm. Consequently their proportion835

among the class-2 groups of order pm tends to zero as m→∞.836

Proof. A group of order pm in the class has s = |X| + |Z| = m/d sites. A reduced site837

tree has fewer than s structural nodes, hence fewer than 2s nodes in total. For fixed p, d, r,838

the certified alphabet is finite, and the number of ordered binary trees with O(m) nodes839

over a fixed finite alphabet is 2O(m). Passing from advices to isomorphism types can only840

decrease this number. In contrast, the Higman–Sims lower bound is already attained by841

class-2 groups: their number at order pm is p
2

27 m3+O(m8/3) [13, 24, 23]. The ratio therefore842

tends to zero. ◀843

The proposition gives a group-theoretic closure operation preserving the width bound:844

the advice for a direct product is obtained by grafting the factors’ advices. In particular845

this includes adjoining homocyclic abelian direct factors over the same ring R. We make no846

corresponding claim for arbitrary central products: identifying target generators can mix847

rows of the claim flattenings, and the maximum-width bound does not follow from block848

diagonality.849

▶ Proposition 26 (classical width measures). Let GB be the commutation graph of a form B850

over R (edges = non-commuting pairs).851

1. If GB has a vertex cover Q of size c, then every layout that places Q first has width ≤ c; in852

particular lcr(B) ≤ c. An arbitrary layout has width ≤ kc, and the factor k is necessary.853

2. If GB has pathwidth w, then lcr(B) ≤ w + 1.854

3. If GB has treewidth w, then tcr(B) ≤ k(w + 1).855

Proof. All three are counting arguments—the module rank of a matrix is at most its number856

of nonzero rows and at most its number of nonzero columns—and hold over R verbatim. (1)857

Put the cover first. A cut S ⊆ Q offers at most |S| ≤ c columns. A cut S ⊇ Q contains every858
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Construction Setting Width statement

homocyclic abelian (Z/pd)m zero tensor 0
extraspecial p1+2m matching, k = 1 1
binary clique cocycle p = 2; triangle is the 1-qubit Pauli group ≤ 1
shared-target graph group over
Fp

[xi, xj ] = y on edges graph rank-width (leaf
layouts)

tree-indexed laminar distributed central kernel, laminar ≤ 1
point-target family distributed, non-laminar ≤ 1
rank-one families over Z/pd matching, clique, laminar, point-target ≤ 1
direct products grafted block layout max of block widths

ultraspecial (Heisenberg over
Fpm )

field-multiplication tensor Θ(m) in fixed-kernel
layouts

robust-complement Mekler fam-
ilies

private target per non-edge Ω(n)

relatively free class-2, exp p (p
odd)

fully free not automatic [20]

Table 1 Named tensor presentations and their displayed layout models. The rows below the
line exhibit different obstructions to bounded width or automaticity; they are examples, not a
characterisation of model-theoretic wildness. Over R, only the listed rank-one lifts are asserted to
retain their field width; arbitrary lifts need not do so.

edge’s cover endpoint, so the nonzero columns of the crossing block are indexed by Q: again859

module rank ≤ c. In an arbitrary layout the nonzero entries lie in the c1 ≤ |Q ∩ S| columns860

of the inside cover vertices and the ≤ kc2 rows of the outside ones, whence module rank861

≤ c1 + kc2 ≤ kc; a star with c = 1 whose edge to the j-th leaf is labelled ej attains k at the862

cut separating the star center from its leaves. (2) Order the vertices by their introduction863

positions (first bags) in a path decomposition, breaking ties arbitrarily. At any cut, every864

inside endpoint of a crossing edge is still present in the boundary bag: it must survive until865

the first bag of its outside neighbour. Hence the nonzero columns number at most w + 1. (3)866

First replace the tree decomposition by a binary one of the same width. Root it and assign867

each vertex to its highest bag. Replace every bag by a chain carrying the vertices assigned to868

it, and connect these chains according to the decomposition tree. At every resulting subtree869

cut, an edge leaving the subtree has its outside endpoint in the current bag: an inside vertex870

assigned strictly below cannot share a bag above the cut, while the connectedness axiom871

for the outside endpoint carries it through the separator. The same statement holds at an872

intermediate cut of a bag-chain. Thus all nonzero rows of the crossing block are indexed by873

at most w + 1 outside vertices and the k target coordinates, giving module rank at most874

k(w + 1). ◀875

▶ Proposition 27 (collapse at the tame end). Let p be odd and d = 1.876

1. If GB has a vertex cover of size c, then G(B) ∼= H ×Zm
p with |H| ≤ p c(k+1)+k; for fixed c877

and k the class of such groups is, up to isomorphism, a finite list of cores times elementary878

abelian factors.879

2. For k = 1 and B ̸= 0, if B has rank 2m, then G(B) ∼= E × Zn−2m
p for an extraspecial880

group E of exponent p and order p1+2m. If B = 0, then G(B) is elementary abelian.881

Proof. (1) Put V = Fn
p , let Q be the chosen vertex cover, let U be the span of the vertices882

outside Q, and write rad(B) = {v : B(v, V ) = 0}. Since the vertices outside Q form an883
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independent set, the kernel of884

U −→ Hom(FQ
p ,Fk

p), u 7−→ B(u,−)|FQ
p

,885

is U ∩ rad(B). Hence codimV rad(B) ≤ c + ck = c(k + 1). For odd p, the triangular cocycle886

is cohomologous, by a quadratic change of section, to one half of its alternating commutator887

map. Choosing a complement V = rad(B) ⊕W therefore gives G(B) ∼= Zdim rad(B)
p × H,888

where H has underlying space Fk
p ×W . Thus |H| ≤ p c(k+1)+k; the bound’s shape is right: a889

star with c = 1, k = n − 1 and Bui = ei has trivial radical and |H| = p2n−1. For (2), the890

classical normal form of a nonzero alternating form of rank 2m is a matching of m hyperbolic891

pairs with the radical split off; the matching part presents E. The zero form gives the stated892

elementary abelian group. ◀893

Thus, for odd p at k = d = 1 (and for bounded vertex cover at any fixed k), the parameter894

provides presentation-theoretic rather than isomorphism-theoretic generality. The clique895

of Example 10, for example, is abstractly a Heisenberg group times an abelian group, but896

the automaton multiplies in the given presentation without first computing a normal form.897

In the odd-prime field setting, k ≥ 2 already lies beyond the scalar symplectic normal898

form, and at k = 3 the general tensor-isomorphism difficulty appears [10]. Characteristic 2899

introduces power-map or quadratic data already at k = 1, while d ≥ 2 lets the distinguished900

central kernel carry exponent information absent over a field. Distributed central targets add901

further content already at width one: the laminar and point-target classes of Theorem 19902

contain bushy families whose commutator subgroups have rank Θ(n), escaping the collapse903

of Proposition 27.904

▶ Proposition 28 (generic forms are wide). Let k = 1, d = 1, and let B be uniformly random.905

With high probability, every linear layout of B has width ≥ n/2 − O(
√

n) and every tree906

layout has width ≥ n/3−O(
√

n); in particular tcr(B) = Ω(n).907

Proof sketch. For a fixed set S with |S| = m ≤ n/2, the crossing block is a uniform random908

(n−m)×m matrix over Fp, and Pr[rk < m− s] ≤ p−s(n−2m+s) ≤ p−s2 . A union bound over909

all ≤ 2n sets with s = c
√

n leaves all sets of size m ∈ [n/3, n/2] with rank ≥ m− c
√

n. Every910

linear layout has a cut of size ⌊n/2⌋, and every binary tree has a subtree whose interval size911

lies in [n/3−O(1), 2n/3 + O(1)]; complement if necessary. The additive constant is absorbed912

by the displayed O(
√

n) term. ◀913

The dividing line. The following examples exhibit independent ways to leave the bounded-914

width regime; they do not characterise model-theoretic wildness.915

▶ Example 29 (ultraspecial groups). The Heisenberg group over the field Fpm—an ultraspecial916

group—has generators a1, . . . , am, b1, . . . , bm and commutation tensor the multiplication of917

Fpm , written over Fp with k = m: [ai, bj ] is the field product eiej in the center. Its fixed-kernel918

form has width Θ(m) under every generator layout. Indeed, the standard balanced-subtree919

argument gives, for m larger than an absolute constant, a cut S with m/2 ≤ |S| ≤ 3m/2.920

Put921

a = |S ∩ {a1, . . . , am}|, b = |S ∩ {b1, . . . , bm}|.922

If a ≥ m/4 and some bj lies outside S, restrict the crossing block to the rows (bj , l) and the923

columns ai ∈ S. Its columns are the coordinate vectors of eiej ; multiplication by the nonzero924

field element ej is injective, so this submatrix has rank a ≥ m/4. If no bj lies outside, then925
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b = m and some ai does, and the symmetric submatrix has rank m. Finally, if a < m/4,926

then b > m/4 and some ai lies outside, so the same symmetric argument gives rank b > m/4.927

Thus every layout has width at least m/4, while the number of generators gives the matching928

O(m) upper bound.929

▶ Example 30 (Mekler groups). For odd p, Mekler’s construction [19] interprets a graph in930

a class-2 exponent-p group whose commutator structure gives each non-adjacent generator931

pair a private central target. To state the width consequence at the right level of generality,932

suppose a family of underlying graphs has the following robust-complement property: across933

every vertex cut with both sides of size at least n/4, each side contains Ω(n) vertices having934

a non-neighbour on the other. Bounded-degree families have this property for all sufficiently935

large n.936

Fix any site layout of the corresponding Mekler tensor. Give x-sites weight one and z-sites937

weight zero; the balanced-subtree argument gives a subtree S containing between one quarter938

and three quarters of the x-sites. For each of Ω(n) inside vertices choose one non-neighbour939

outside. The chosen pairs have distinct inside endpoints and distinct private targets. If a940

target lies outside S, its entry gives a row of Fy or Fx, according to the orientation of the941

pair; if it lies inside, it gives a row of Fg. Hence one of these three flattenings receives Ω(n)942

chosen rows. Within that flattening their supports are disjoint: in the first two cases the943

support column contains the private target, and in the last case both the target row and944

private-pair column are unique. The rows are therefore independent, and the layout has945

width Ω(n). Here the tensor has |X| = n and |Z| = Θ(n2), so for fixed p this is a lower946

bound Ω(
√

logp |G|) in the size of the group. The argument applies to robust-complement947

Mekler families, not to every graph to which Mekler’s construction can be applied.948

Together with Proposition 28 and the theorem of Nies and Stephan that, for odd p, the949

relatively free class-2 exponent-p group is not word-automatic [20], these examples show950

that generic coordinate presentations, fixed-kernel field multiplication, robust private-target951

families and full freeness encounter different obstructions. The first two statements concern952

the specified presentation models; the Mekler bound ranges over all site layouts of that953

tensor. The presentation-independent conclusion is Proposition 25: bounded width captures954

an asymptotically negligible family of isomorphism types.955

7 Algorithmic consequences956

The generic machinery of uniformly automatic classes [27, 25] yields the following for the957

master presentation. Because every member of a width-bounded family in Section 6 has958

advice in the master class, the same compiled evaluator applies to each member. Statements959

about the common theory of a proper subfamily additionally require an effective restriction960

of the advice language.961

▶ Corollary 31 (compiled model checking). For every first-order formula φ(x1, . . . , xm) in962

the signature of groups there is (effectively) an automaton Aφ such that for every advice α in963

the advice set and all elements u1, . . . , um of Gα:964

Gα |= φ(ū) ⇐⇒ Aφ accepts α⊗ u1 ⊗ . . .⊗ um.965

The input is the valid advice together with the encodings of the free variables. Once φ is966

compiled, the automaton runs in time O(N) = O(log |G|), where N is the size of the macro-967

or streamed advice. In particular, for a sentence φ, deciding Gα |= φ from the advice alone968

takes O(log |Gα|) time.969
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Proof. The usual induction on φ uses the effective closure of synchronous word and tree970

automata under Boolean operations and projection. Once the resulting automaton is fixed, its971

run is linear in the convolution size N . Here |Gα| = pd(|X|+|Z|), while both advice encodings972

use Θp,d,r(|X|+ |Z|) nodes, proving the final equality. ◀973

For fixed p, d, r, certified advice can be compiled in polynomial time from a tensor and a974

supplied width-r layout by Smith normal form and linear-system solving over R. Finding975

such a layout is a separate problem and is not included in the model-checking bound; even976

in the fixed-kernel setting it is known algorithmically only in special cases (see Section 9).977

▶ Corollary 32 (decidable uniform theory). The advice sets of Theorem 8 and (by Lemma 18)978

of Theorem 19 are regular. Hence their uniform first-order theories979

{φ : Gα |= φ for every valid advice α}980

are decidable, as is the question whether some valid advice presents a group satisfying φ. The981

same conclusion holds after restriction to any regular sublanguage of valid advices, but does982

not follow for an arbitrary subclass merely from its inclusion in the master class. It also983

holds for extensions of first-order logic by regularity-preserving quantifiers, in particular by984

any fixed collection of modulo-counting quantifiers [27].985

Proof. For a sentence φ, Corollary 31 effectively constructs a word or tree automaton for986

the valid advices whose groups satisfy φ. The universal question is inclusion of the regular987

advice language in this language, and the existential question is non-emptiness of their988

intersection. Both are decidable. The same argument applies to a regular advice restriction989

and to every quantifier for which the corresponding automata relations remain effectively990

regular. Infinite-cardinality and Ramsey quantifiers add nothing here, since every Gα is991

finite. ◀992

▶ Example 33. The center is definable, Cen(x) ≡ ∀u∀v∀w (M(x, u, v)∧M(u, x, w)→ v = w),993

so Corollary 31 decides centrality of a given element in time O(log |G|) on every member;994

likewise commutativity of the member, existence of central elements of order 4 at p = 2995

(distinguishing the Pauli triangle from the dihedral matching), and the exponent of the full996

center for d > 1. The same applies to any fixed first-order property of the multiplication997

structure. One automaton per property serves the entire class and, by Proposition 24, every998

finite direct product of its members.999

8 Implementation, validation, and feasibility1000

The automaton constructions of this paper have executable counterparts in the open-source1001

library AutStr [26]: CutRankGroups (Theorem 8), CutRankTreeGroups (Corollary 22(i)), and1002

CocycleRankWidthGroups (the protocol of Theorem 19 for configurable r and d). Each is1003

equipped with a layout compiler that realises the interface lemmas by linear algebra over1004

R. The current constructors restrict p to the single-digit primes, solely because ring digits1005

are encoded by single characters. For the distributed-target class, the library exposes the1006

compiled instruction stream, its exact transition simulator, and implicit first-order evaluation.1007

It does not materialise the full explicit presentation automaton.1008

Instance checks and regression tests. Every algebraic constant in compiler-generated1009

advice is obtained by solving a linear system whose solvability is an instance of Lemma 7,1010

Lemma 14, Lemma 15 or Lemma 16. An assertion guards each solution, so a successful1011
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compilation has checked the relevant membership and factorisation obligations for that1012

instance. This is not a formal verification of the general theorem: in particular, the library1013

does not implement the recogniser for arbitrary certified advice from Lemma 18.1014

The retained regression suites compare the reference law of Lemma 2 with the explicit1015

multiplication automata where these can be built, and otherwise with the exact transition1016

simulator. They cover structured layouts (spines and balanced trees; zero, complete, matching1017

and star forms; laminar, point-target, scattered-target and mixed-claim site trees), seeded1018

random width-1 and width-2 instances, and the rings Z/4, Z/8 and Z/9, including the1019

phenomena of Example 5 and Example 6.1020

The distributed-target implementation uses the six committed registers of Theorem 19 for1021

any configured r, d; its one-entry stream uses saved child banks and three scratch registers1022

to execute each merge. The fixed-kernel classes likewise offer flat and streamed advice, the1023

latter permitting r ≥ 2 over the ring without enumerating the full macro-alphabet.1024

Feasibility. Two evaluation paths are available. The compiled path builds the presentation1025

automata explicitly and evaluates formulas by automata products and projections—the1026

promise of Corollary 31, with the one-time compilation cost amortised over members. The1027

implicit path never builds an automaton: it evaluates a formula directly over the transition1028

functions, taking products of composite states on the fly and handling quantifiers by an1029

on-the-fly powerset construction over the element digits. The fixed-kernel classes use a1030

conservative cost guard: small presentations may take the compiled path, while instances1031

whose transition enumeration exceeds the guard are directed to the implicit evaluator. For1032

CocycleRankWidthGroups the explicit class constructor is disabled altogether; simulation1033

and implicit evaluation are the supported paths. Regression tests compare the two paths1034

wherever both are available and compare both with direct finite evaluation on small members.1035

These facts establish executable coverage, not a machine-independent performance bound-1036

ary. The repository contains a benchmark driver for an explicit/implicit sweep, but no1037

result of that sweep is presently archived with the library. We therefore make no quan-1038

titative scalability claim here. In particular, implicit evaluation is an implementation of1039

first-order evaluation on a fixed compiler-generated member; it is not an implementation of1040

the class-wide uniform-theory decision procedure of Corollary 32.1041

9 Open problems1042

1. Converse / characterisation. Suppose a class of class-2 groups in the present algebraic1043

setting is uniformly word- or tree-automatic. Must every member admit some cocycle1044

presentation and layout of uniformly bounded width? The existential quantifier over1045

presentations is essential: Proposition 28 gives wide scalar presentations of groups that also1046

have width-one presentations by Proposition 27. A positive answer in this presentation-1047

aware form would be a Courcelle–Oum-style characterisation [7]. The scarcity bound1048

(Proposition 25) and the lower-bound examples provide partial evidence, but no converse1049

is known.1050

2. Isometry in P. Is isometry of alternating matrix spaces of bounded Fp rank-width decidable1051

in polynomial time? Here the width of a matrix space B ≤ Alt(n,Fp) means the minimum1052

over layouts of the maximum, across a cut S, of the rank of the vertical concatenation1053

of A[n]\S,S over a basis A of B. This number is independent of the chosen basis. The1054

question is the matrix-space analogue of isomorphism testing for graphs of bounded1055

rank-width [11] and would identify a tame island inside a tensor-isomorphism-complete1056
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problem [10]; with distributed central targets and d > 1 the same question extends to1057

isomorphism of the width-r tensor classes of Theorem 19. Computing a witnessing layout1058

is itself nontrivial; for k = 1, d = 1 rank-decompositions are FPT-computable [14].1059

3. Beyond exponent pd and class 2. Arbitrary bounded abelian quotients add a carry layer1060

to the extension data; class 3 makes the correction a degree-three stream. Does the1061

cut-rank philosophy—bound the module rank of every flattening a one-pass evaluation1062

must transport—extend along the Lazard correspondence [5] to higher class, and where1063

exactly does it stop short of the non-automaticity of [20]?1064
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